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3. (25 pts) Let Cr denote the semicircle parameterized by z(t) = Re', 0 < t < .

Prove that 3 2 & f2)
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4. (25 pts) Suppose f is analytic on D;(0) — {0} and there are real constants M and
A with M >0 and 0 < A < 1 such that

1£(2)] < ,%

on D;(0) — {0}. Prove that f must have a removable singularity at z = 0.
Hint: Consider zf(z).
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2. (25 pts) Let R > 0 and let L denote the path that starts at z = 0 and follows the

line from zero to Re~*"/* parameterized by z(t) = te=""/%, 0 < t < R. Express

the integral / e~* dz as a + bi where a and b are real integrals of real valued

: ) = S 0T

Gy

— . ,’ﬁ/
\(6 Az = - 6L / o/{: /e_;/;;/;

functions.

)
\
c\\

= e e At

2 _ 2
Cost™ + o Siut

-1

Lo, 5
[ S(osf At + L\ Sint At
2

0 0

1)
N
Ay



3. Suppose that f is an analytic function on the unit disc such that |f(z)| < 1
for |z| < 1. Prove that if f has a zero of order n at the origin, then
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. Given a complex polynomial P(z) of degree N > 1, there exist real constants
0 <a < A and R > 0 such that the basic polynomial estimate,

al2|¥ < |P(2)| < Alz|Y
holds for |z| > R. Show that, if an entire function f(z) satisfies the right
hand side of the basic polynomial estimate, it must be a polynomial of

degree N or less. Show that if an entire function satisfies the left hand side,
it must be a polynomial of degree N or more.
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4. Show that if f is an analytic mapping of the unit disk into itself such that

f(a) =0, then
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5. Prove that if h; and hs are two analytic functions on a domain €2 such that

hY¥ = hY for some positive integer N, then there is an N-th root of unity
A such that Ay = Aho on €.
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6. Show that an isolated singularity of f(z) cannot be a pole of exp f(z).
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1. What is the radius of convergence of the power series centered at zero for
the function 1/(z — 1 —)1°?
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