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5. Let ag = 0 and a; = 1. The Fibonacci numbers are defined inductively via
Ap+2 = Apt1 + An forn=0,1,2,...

Find the radius of convergence of the power series > a,z". Hint: Let

f(z) = Z anz"
n=0

and compare the power series for z2f(z), zf(z), and f(z). Find a closed form
formula for f. When you get the picture, make sure everything you say is true.
(For example, don’t say that f(z) is defined someplace until you know it is.)
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4. Show that if f is an entire function that never takes values along the negative
real axis, then f must be a constant function. (You may use any result that was

covered in class except the Picard Theorems.)
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8. Suppose that f is a meromorphic function on a simply connected domain () that
satisfies the following properties. The zeroes of f, if any, have even multiplicity.
The poles of f, if any, have even order. Prove that f has a meromorphic square

root on ).
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6. (30 pts.) Suppose that a; = —1, az = 1, and a3z = 2i and that f is a function that
is analytic on C — {a1,as,a3} that has essential singularities at the three points.
Suppose also that

/ fdz=+vn forn=1,2,3,
Cl(an)

where C1(zp) denotes the circle of radius 1 about zy parametrized in the counter
clockwise sense. Draw a closed curve v such that

Indya, = -1, Indya; =1, and Indyaz =2.

Explain how to define a cycle I' so that the General Cauchy Theorem on the
domain = C — {ay, az, a3} can be used to compute

[dez.

Find the value of the integral and explain your reasoning. (You are not allowed to
use the General Residue Theorem here. If you failed to draw such a 7, you may
assume that such a vy exists.
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2. (30 pts.) Suppose that f is analytic in a neighborhood of the closed unit disc and
that f(z) is never in the set {x € R : z > 0} when |z| = 1. Show that f has no
zeroes in the unit disc.
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3. What are the possible values of
1
f —dz,
y 2
where v is a path that starts at z = —¢ and ends at z = 27 and that avoids the

origin? Explain.
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