Review for the midterm exam (in class on Mon., March 4)

4. Suppose that f is an entire function such that
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a) Explain why f can have at most finitely many zeroes.
b) Prove that f must be a non-constant polynomial.
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2. Suppose that u is a real Valued@smooth harmonic function on a domain 2.
Prove that wu is either constant, or the set where the gradient of u vanishes has no
limit points in (2.

T

U harmewic. — > gs Uy — Lcy mm/yﬁ'c
L C{__j\
(-F @ns /

{Vu:og bas b of = 2y hes « lmpF

—> L=

—> Vu = O on a domaiy

h’/"v Uu = (wvs'/L.

@5 3 Vo A = u(z)- ula)
; e




3. Suppose that f and g are analytic in a neighborhood of a. If f has a simple zero
at a, then (—2) ; (a

o 9 _ 9) ¢
R = Fy ReS,

Prove a similar formula in case f has a double zero at a, i.e., in case [ is such

that f(a) =0, f'(a) =0, but f"(a) #0.
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6. Show that if f is an analytic mapping of the unit disk into itself such that f(a) = 0,

then
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7. Show that if f is an analytic mapping of the unit disk into itself, then |f’(0)| < 1.

C@,U !—qz—
Fo g

Schae: [P0 2 1
[
\@’(@)f’(»)/ 1 ) () =Ty

. pale bl £ 1 T

Whit i ///0 i/? //ézm /4/29(7

gz? aqd= 0.

‘{'\(@ =/ [ géwarg Fﬂﬁi 2 =>

=)= 2=

m/éeré /;)/sj_ )



10. Prove that if h; and hy are two analytic functions on a domain €2 such that
hi¥ = hY for some positive integer N, then there is an N-th root of unity A such
that h; = Ay on 2.
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9. Suppose that f is an entire function that satisfies an estimate |f(z)| < C(1+|z|V)
for all z where C is a postivie constant and N is a positive integer. Prove that f
must be a polynomial of degree N or less.
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8. Suppose that f is an analytic function on the unit disc such that |f(z)| < 1 for
|z| < 1. Prove that if f has a zero of order n at the origin, then |f(z)| < |z|" for
2| < 1. How big can |f(™(0)| be?
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2. Prove that power series can be integrated term by term. To be precise, sup-
pose that a power series ZZOZO anz" with radius of convergence R > 0 converges
on the disc Dg(0) to an analytic\function f(z). Prove that the power series
> meo g2t also has radius of con¥ergence R and that this series converges to
an analytic anti-derivative of f(z) inside\the circle of convergence.
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