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This document is intended to give an overview of the main results from functional analysis
that we will encounter in this course. We assume the reader has some familiarity with these
concepts, or at least concepts from Analysis and Topology such as convergence, continuity,
open sets, and closed sets. We will consider vector spaces X over a field F where F € {R,C}.
In some instances, we will specify F when the distinction is important. If we are working with
two or more vector spaces, we will assume they are all over the same field unless specified
otherwise.



1 Banach Spaces

Definition 1. A norm on X is a function ||-|| : X — [0, 00) satisfying the following proper-
ties:

(i) (Definiteness) ||z|| =0 < x =0,

(i) (Absolute Homogeneity) ||ax| = |o| [|z|]] V(a,z) € F x X,

(iii) (Triangle Inequality) ||z +y|| < ||zl + [yl Vz,y € X.

A vector space X together with a norm ||-|| is called a normed vector space. The Triangle
Inequality in Definition 1 can be used to establish the inequality

[zl =1yl < llz =yl
This inequality implies that a norm defines a (uniformly) continuous function.

Definition 2. Let {z,} - be a sequence in X. We say the sequence {z,} -, converges to
a point x € X if for every € > 0 there exists N € N such that

n>N = ||z, —z|| <e

If {z,} 7, converges to x, we usually write z;,, — z or lim z,, = z. Limits in normed vector
n—oo

spaces enjoy familiar properties. Suppose « € F and {z,} ~,,{yn} -, are both convergent
sequences in X. Then the sequences {aw,} , and {x, +y,} -, both converge in X and

lim az, =« lim z,,
n—oo n—oo

lim (x, +y,) = lim x, + lim y,.
n—o00 n—00 n—00

Furthermore, if {z,},~, is a convergent sequence in X, the continuity of the norm also gives
us

lim ||z,| = ‘ lim z,
—00 n—oo

Definition 3. A sequence of points {z,}, ., in X is called a Cauchy sequence if for every
€ > 0 there exists N € N such that

n,m>N = ||z, — x| <e.

If every Cauchy sequence in X converges to a point x € X, then we say X is complete. A
complete normed vector space is called a Banach space.

Definition 4. A function 7" : X — Y between vector spaces is called a linear map if T’
satisfies the following properties:

(i) (Homogeneity) T(az) = aT(z) V(a,z) € F x X,

(ii) (Additivity) T'(x +y) =T(z) +T(y) Va,y € X.



From either of these properties, we see linear maps always satisfy 7'(0) = 0. For the mini-
malists, one can check that 7' : X — Y is linear if and only if T'(cu + v) = oT'(u) + T'(v)
for all & € F and u,v € X. One can also verify that the set of all linear maps from X to Y
with the addition (T + S)(xz) = T'(z) + S(z) and scalar multiplication (aT')(z) = oT'(z) is a
vector space over . We denote this space by L(X,Y).

When the spaces X and Y are normed, we can talk about continuous linear maps 7" : X — Y.
It turns out linear maps have a useful characterization of continuity.

Definition 5. Let X and Y be normed vector spaces. Define a function ||-|| : L(X,Y) —
0, 00] by ||T|| =sup{||T(z)| : x € X, ||z|| <1}. Amap T € L(X,Y) is said to be bounded
if ||T| < oo.

Let B (X,Y) denote the set of all bounded linear maps from X to Y. That is, B(X,Y) =
{T'e L(X,Y) : |T|| < oo}. Note that 0 € B(X,Y). If T € B(X,Y) and o € F, then
|laT' ()| = |a] |T(x)|| < |af||T|| for all x € X with ||z|| < 1, so it follows that

[T < | [T} < o0

Furthermore, if 7, S € B(X,Y) then ||T(z) + S(2)|| < |T(x)|| + [|S(2)|| < |T]| + ||S]| for all
x € X with ||z]| < 1. Therefore,

1T+ S| < 1T+ IS < oo

This implies that B(X,Y) is a vector subspace of L(X,Y). In fact, the above work leads us
towards the following:

Proposition 1. B(X,Y) is a normed vector space with the norm
1T = sup{||T(2)[| : v € X, [[#]] < 1}.

Proof. We have already established that B(X,Y") is a vector space. Our previous work shows
that the function ||-|| on B(X,Y) satisfies the triangle inequality:

1T+ S| <ITI+ IS v T,5€ B(X,Y).
Now, let @ € F and T' € B(X,Y’). We have already established
[T} < |af [T

Fix ¢ > 0. By definition of || T||, there exists x € X with ||z|| < 1 such that
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Tl — < |T(x)|| << [T < |T(x)|| + .
1T ol 11 |7 ()| T < 1T'(z)|| T

Multiplying this inequality by |«| gives



lafe
la| +1 —

afe
la] +1

[ [T} < Ja[ I T @) + ———

= [laT ()] + < |[laT]| +e.

Since € > 0 is arbitrary, we conclude |a| ||T|| < ||aT||. Therefore, we have equality
[T = e [IT]

Evidently, if 7' € B(X,Y) and T' = 0 then ||T'|| = 0. Lastly, suppose T' € B(X,Y’) and
|T|| = 0. Let x € X \ {0}. Then,

7l = gre)| = | ()| < 1w =0

Therefore, |T(z)|| =0 = T(x) = 0. We also have T'(0) = 0. Hence, we conclude T' = 0.
The function ||-|| satisfies the necessary properties in Definition 1. We conclude that |||
defines a norm on B(X,Y). O

It follows from the above proof that if '€ B(X,Y) and x € X \ {0}, then

Tl || 1T ()l < (17 -

Hence, we have the important inequality
[T (@) < T [l VT e B(X,Y), v eX. (1)
We can now prove the following:

Proposition 2. T € B(X,Y) if and only if T : X — 'Y is continuous.

Proof. (=) Suppose T' € B(X,Y). Fixe > 0 and let § = HTH€+ T Then, if z,y € X and
|z — y|| < & equation (1) implies
€
IT(z) =Tl = T =yl < TNz =yl < T 77 <€
17 +1

Therefore, T' is (uniformly) continuous.

(<= ) Suppose T : X — Y is continuous. Then T is continuous at = 0. Hence, there
exists 0 > 0 such that

2] <6 = [[T(2)] < 1.

4]
’ =3 < 0. Hence,

Let z € X with 0 < ||z|| < 1. Then,

‘ ox
2|zl

i 70 = |7 (i) <
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2 ||

— T(@)] < =

<

S N

Therefore, we conclude || T(xz)|| < 2 for all € X with ||z|| < 1. Hence, ||T]| < oo and we
conclude T € B(X,Y).
[l

If we impose additional restrictions on the target space Y, we can say something more about
B(X,Y).

Theorem 3. Let X be a normed vector space and let Y be a Banach space. Then B(X,Y)
1s a Banach space.

Proof. Let {T,,}~, be a Cauchy sequence of maps in B(X,Y’). For each z € X, we have
the inequality

[T (@) = Tn(2) | = [(Tn = Tn) (@) < 1T = Tl l2]] ¥ 0,m > 1.

This implies that, for each x € X, the sequence {T,,(x)} -, is a Cauchy sequence in Y. Since
Y is Banach, the sequence {T,,(x)} 7, converges to a point in Y. By the uniqueness of limits
in Banach spaces, we can define a function 7': X — Y by

T(x) = lim T,(x).

n—o0

The linearity of T' now follows from the linearity of limits in normed vector spaces and the
linearity of the maps T,:

T(azx) = lim T,(azx) = lim aT, () = o lim T,(z) = aT(z) V (a,z) € F x X,

n—o0 n—o0 n—oo

and
T(x+y) = lim T,(z +y) = lim (T,(x) + Tu(y))
lim 7, (x) + lim T, (y) =T(x) + T(y) Vax,ye X.
n—oo n—oo
To show that 7" € B(X,Y), let x € X with ||z|| < 1. The inequality
Tl = 1Tl | 1T = Tl ¥V myn > 1

implies that {||T,|/} —, is a Cauchy sequence of real numbers. Therefore, there is L € R
such that lim ||T,,|| = L. Then, we have
n—oo

1T (@)|| < T(x) = Tu(@)| + | Ta(2) | < [|T(x) = Ta(@)|| + [|Ta]] V=1
Letting n tend to infinity in the above inequality implies

1T ()|l < L.



Since z € X with ||z|| < 1 is arbitrary, we conclude ||T'|| < co. Thus, T' € B(X,Y).
It remains to show that T,, — T'. Fix ¢ > 0. Let z € X with ||z|| < 1. There exists N € N
such that

m,n>N = |1, — T, <e.
For m,n > N, we have
[T () = Ton(@)|| < ([To = Tl < e

Then, using the continuity of norms, letting m approach infinity in the first part of the above
inequality gives

T (z) —T(x)||<e ¥Vn>N.
Since z € X with [|z|| < 1 is arbitrary, the above inequality implies
T, —T| <e Vn>N.

Since £ > 0 is arbitrary, we conclude T,, — T'. Therefore, B(X,Y") is a Banach space.
m

Let X be a vector space. An element ¢ € L(X,F) is called a linear functional. If we
further assume that X is a normed vector space, an element ¢ € B(X,F) is called a
bounded linear functional. We use the notation X* = B(X,F), and we say X* is the
dual space of X. Since we are considering F € {R,C}, Theorem 1 implies that for any
normed vector space X the dual space X* is a Banach space.

We are going to establish one of the most important theorems in functional analysis. In
order to do so, we need to recall the following lemma (which is equivalent to the Axiom of
Choice):

Lemma 4 (Zorn’s Lemma). Let A be a nonempty partially ordered set with partial order <.
That is, < is a relation on A satisfying

(i) (Reflexivity) a < a V a € A,

(i) (Antisymmetry) ¥ a,b € A, a < b and b < a implies a = b,

(#i) (Transitivity) ¥ a,b,c € A, a <b and b < ¢ implies a < c.

Suppose that every totally ordered subset of A has an upper bound in A. That is, for every
B C A with the property that ¥V a,b € B either a < b or b < a, there exists L € A such that
a <L Yaé€B. Then A has a maximal element. That is, there exists M € A such that if
a € A and M < a, then M = a.



We can now establish the important theorem:

Theorem 5 (Hahn-Banach Extension Theorem). Let X be a vector space over R. Suppose
there is a function m : X — R such that

(i) m(tx) =tm(z) V (t,x) € [0,00) X X,

(i) m(x +y) <m(x)+m(y) Vz,yeX.

Let V. C X be a vector subspace of X, and suppose there is a linear functional ¢ : V — R
such that
¢(x) <m((z) VzeV.

Then there exists a linear functional ¢ : X — R such that
p(r) =¢(x) VreV,

and
o(x) <m(z) VzelX.

Proof. We suppose V' # X. Let xy € X \ V. We consider the linear span S = span{xy} =
{axy : o € R} . We will show that we can extend ¢ to a linear functional ¢ : W — R where
W=V+S={v+ax: (v,a) e V xR} and p(w) < m(w) for all w € W. Note that since
xg ¢ V, it follows that for each w € W there exist unique v € V and o € R such that
w =V + axy.

To figure out how we should define ¢, we temporarily assume that we have such an ex-
tension ¢ : W — R. Linearity of ¢ and ¢ = ¢ on V imply

v+ awo) = p(v) + ap(ze) = d(v) + ap(zo).

Thus, ¢ will be completely determined by ¢(zp). To determine an appropriate value for
©(x), we recall that ¢ needs to satisfy

pw) <m(w) VweW
This imposes the conditions
¢(v) + p(x0) = (v + m0) < MV + 70)
= p(xo) <m(v+a0) —P(v) VeV,
and
o(v) — (o) = (v — x0) < m(v — o)
— @(x0) 2 ¢(v) —m(v—x0) VveV

These inequalities suggest a way to define p(zy). Note that
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m(v+ xg) — d(v) > m(v + xo) — m(v) = m(v + x9) — m(v + xo + (—x0))
> m(v + z0) — (m(v + x0) + m(—x0)) = —m(—z0) Vv eV,
so L = inf {m(v+ o) — ¢(v) : v € V} € R and L > —m(—x0).
Similarly,
¢(v) —m(v —x0) < m(v) —m(v—xo) = m(v — o + o) — m(v — o)
< (m(v — 20) + m(x0)) — m(v —29) = m(zo) VeV,
and so M = sup {¢(v) — m(v — x) : v € V} € R and M < m(zp).

The conditions on ¢(z) require that ¢(x¢) < L and ¢(x¢) > M. We show that it is possible
to choose a value satisfying these conditions.
Indeed, let x,y € V. We have

m(z+zo)=d(x)—=(d(y)—m(y—ro)) = m(z+xo)+m(y—zo) —d(x)—d(y) = m(zr+y)—¢(z+y) > 0
= o(y) —mly —xo) < m(x+x0) — $().
Since x € V is arbitrary, this implies that for each y € V' we have
¢(y) —m(y — xo) < L.
Since y € V is arbitrary, this implies
M<L.

Let r = % so that M < r < L. Then, we can define a linear functional ¢ : W — R by
the rule

o+ axg) = d(v) +ar Yo+aryge W
By definition, we have
o(v)=¢W) YoveV.

Now, if we consider w = v + axo with v € V and a > 0, we have 2 € V, and so L <

m (£ +z9) — ¢ (%) . Then
) =0 (3))

= ¢(v) — ag (g) + am <§ + xo) =m(v+ axg) = m(w).

p(w) = o(v) +ar < ¢(v) +a (m (

Sl
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If we consider w = v + axg with v € V and a < 0, we have —2 € V, and so —M <
m (—g — :Eo) — ¢ (—g) . Then

p(w) = ¢(v) + (=a)(=7) < ¢(v) + (=) (m (‘E - 330) —¢ <_2>>

= ¢(v) + ag <_E> + (—a)m <_E - x()) =m(v + azg) = m(w).

Of course, if w =v € V, then

Therefore, we conclude
e(w) <m(w) YweW.

Hence, we have extended ¢ to a linear functional ¢ : W — R satisfying the necessary prop-
erties.

To finish the proof, we define the set A to be the collection of all pairs (¢, U) where U
is a subspace of X with V' C U, and ¢ : U — R is a linear functional with ¢ (z ) ¢(x) for
all z € V and ¢(z) < m(x) for all x € U. Note that (¢,V) € A, so A # (). We define a
partial order < on A such that (¢, U;) < (19, Us) if and only if U; C Us and 1) ( ) =1 (x)
for all € U;. In particular, note that (¢, V) < (¢, U) for all (¢, U) € A.

Let B = {(¢j,U;)},c; be a (nonempty) totally ordered subset of A. Let U = U U;. The
jed

total order on B implies that U is a vector subspace of X, and by definition of the set A, we

have V' C U. We define a linear functional ¢ : U — R by the rule

Y(z) = ¢i(x), if x € Uj.

Note that ¢ is well-defined since if € U; N U, then either (v;, U;) < (¢, U;) or (¢, U;) <
(¢;,U;) and so, by definition of the order <, we have v;(z) = ¢;(x). Since B # (), there
exists jo € J. Since (¢;,,Uj,) € A, it follows that (¢, V') < (¢j,, Uj,). Therefore,

(@) = Y5 (x) = d(x) YVreV

Furthermore, let x € U. Then there is j € J such that x € U;.
Then

() = ¢;(z) < m(x).

Hence, we conclude (¢,U) € A. The definition of the pair (¢, U) also implies (¢;,U;) <
(¢, U) for all j € J. That is, (¢,U) is an upper bound for B. By Zorn’s Lemma, there exists
a maximal element (¢, X) of A.



By definition of A, we have

and
o(z) <m(z) VzeX.

Thus, the proof will be finished if we show X =X. _Assume for sake of contradiction that
X # X. Then there exists 7o € X \ X. Let W = X + span{zo}. By the first part of the
proof, there exists a linear functional ¢ : W — R such that

Plz) = p(x) VaeX,
and

) <mx) VaeW.
Moreover, we have

(6, V) < (¢, X) < (& W).

Hence, we conclude (¢, W) € A, and the maximality of (¢, X ) implies we must have equality
(p, X) = (¢, W), which implies X = W, which contradicts that o € W \ X. Therefore, to
avoid contradiction, we conclude X = X.

m

Of course, we have a complex version of the Hahn-Banach Theorem:

Theorem 6. Let X be a vector space over C. Suppose there is a function m : X — R such
that

(i) m(tx) = tm(x)

V (t,z) € [0,00) x X,
(i1) m(z +y) < m(x) +m(y)

Vax,yeX.

Let V C X be a vector subspace of X, and suppose there is a linear functional ¢ : V — C
such that

Reo(z) <m(z) VzeV.
Then there exists a linear functional p : X — C such that
p(r) =¢(x) VreV,

and
Rep(x) <m(z) VazelX.

10



Proof. By assumption, Re¢ : V' — R is an R-linear functional satisfying
Reo(x) <m((z) VzxelV.
By Theorem 5, there exists an R-linear functional ¢ : X — R such that
b(z) =Red(z) VzeV,
and
Y(x) <m(z) VzelX.
Now, define a map ¢ : X — C by
o(2) = Y(x) — iliz), w€X.
From the R-linearity of v, we immediately have
ple+y) = +y) —wli(z +y)) = o) +dy) —i(Yliz) + (iy))

= () —i(iz) + Y(y) — i(iy) = p(z) +o(y) Vr,y€ X,
and if a 4+ 1b € C, then

o((a+ib)z) = (az + ibx) — i (iaz — br) = av(z) + bip(iz) — iath(iz) + ib(z)
= a(y(z) — i (iz)) +ib(Y(z) — i (iv)) = (a +ib)(¥(x) — i (ix)) = (a +ib)p(z) Vze X
Thus, ¢ is a C-linear functional on X. Moreover,
p(x) = ¥(z) — i (ir) = Re ¢(x) — iRe ¢(ix)
= Re(x) — iReip(z) = Red(z) + ilm (z) = p(z) Yz €V,
and

Regp(x) =¢(x) <m(z) VzelX.

The Hahn-Banach Theorem leads to an important consequence.

Corollary 7. Let X be a normed vector space over F and let Y C X be a closed subspace of
X. For every xg € X \'Y there exists ¢ € X* such that p(x¢) = in}f/ lzo — y|| >0, |lo|l <1,
ye

and o(y) =0 for all y € Y. In particular, if Y = {0}, then ¢(xq¢) = ||zo|| -

11



Proof. Let m : X — R be the function defined by

m(z) = inf o —yl, 2eX.

Note that 0 € Y, so m(0) = 0. If « € F\ {0} and = € X, since Y is a vector space, we have
yeY <= ZeY. Hence,

m(aw) = inf [lax — y| = inf Jo] ||z — 2| = |l inf |l = 2] = la| m(z).
Fix 1,29 € X, and let y, z € Y be arbitrary. Then y + 2z € Y, so we have
m(zy + x2) < w1+ 22 = (Y +2)| <z =yl + |22 — 2|
= m(x1 +23) = [ler =yl < oz — 2]
Since y, z € Y are arbitrary, we conclude that for every y € Y
m(y + x2) — |z — yl| < m(22)
= m(z1 + 22) —m(z2) < flz1 -y -
Since y € Y is arbitrary, we conclude
m(zy + x2) — m(z2) < m(xy)
<~ m(x1 + z2) < m(zy) + m(xs).
Thus, m satisfies the conditions (7) and (i7) in Theorems 5 and 6.

Let zg € X \ Y. We claim m(xy) # 0. Indeed, if m(xy) = 0, then for every n € N we have
0= m(wo) = inf 7o — 9] <
=m(zg) = inf ||xg — —
0 ey 0—Y n
which implies there exists y, € Y such that
1
20 = ynll < —.
n
The above inequality then implies that the sequence {y,} -, of points in Y converges to
xo. Since Y is closed, this implies xg € Y, which contradicts that o € X \ Y. Therefore,

m(zo) # 0. In particular, m(z) > 0.

Let V = {axy : @ € F}. Define a linear functional ¢ : V' — F by ¢(axy) = am(z). Then
for each o € F we have

Re ¢(azxy) = Re (am(zg)) = Re (a)m(xg) < |a] m(zo) = m(axg).

12



Hence,
Reo(x) <m((z) VzxelV.

Therefore, by Theorem 5 for F = R and Theorem 6 for I = C, there exists a linear functional
¢ : X — F such that

p(x)=o¢(x) VzeV,
and

Regp(x) <m(zx) VazelX.

o
()]

~—

Now, for each = € X with ¢(x) # 0, taking o = , we first recall that

m(ax) = [af m(z) = m(z),
and so
p(2)] = app(a) = p(az) = Re p(ax) < m(ax) = m(z).
Therefore, we conclude
lo(x)] <m(z) VaxelX.

By definition, m(y) = 0 for all y € Y, so the above inequality implies ¢(y) = 0 for all y € Y.
Moreover, since m(z) < ||z|| for all z € X, the previous inequality implies

lp(x)] < ||z|]| VzeX.

In particular, for all z € X with ||z|| < 1 we have |p(z)| < 1. Thus, ¢ € X* and ||¢| < 1.

Lastly, we observe
¢(x0) = ¢(z0) = m(xo) = inf [z — y[| > 0.
yey
]

There is a variation of the contrapositive of Corollary 7 that is quite important, so we state
it as a theorem below.

Theorem 8. Let X be a normed vector space over F, and let S C X. Let'Y = span(S) be
the closure of the linear span of S. Let xo € X. Suppose that for every ¢ € X* such that
o(s) =0 for all s € S we have p(xg) =0. Then zo € Y.
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Proof. Assume for sake of contradiction that zp € X'\ Y. By Corollary 6 there exists p € X*
such that ¢(xg) # 0 and p(y) = 0 for all y € Y. Since S C Y, it follows that ¢(s) = 0 for all
s € S. By our assumption, we must have ¢(z) = 0, a contradiction. Therefor, we conclude
Xo € Y.

O

We can take it one step further and consider the double dual of X, which is the space
X* = (X*)" = B(X* F). This may seem a bit unnecessary, but this gives us a way to
embed any normed vector space X into a Banach space. To do this, we define a canonical
embedding ¢ : X — X** where for each z € X the map «(z) € X** is defined by

Uz)(p) = p(z) Ve X
Let x € X. Then, for all ¢ € X* such that ||| < 1, we have
(@) ()] = le@)] < el =] < [z,
= |[o(z)]| < |z

Now, for each x € X \ {0}, by Corollary 7, there is ¢ € X* with [|¢|| < 1 and p(z) = ||z]|.
Hence

(@) ()| = |o(x)] =[x,
and so we conclude
[e(@)]] = [l=|| VzeX.

That is, ¢ is an isometry (i.e. norm preserving). In particular, ¢ is injective, so the map
t: X — 1(X) is a bijection. Now, there is an inverse linear map ¢~ : ¢(X) — X which is
also an isometry. We say that X is isometrically isomorphic to the space ¢(X).

The advantage here is that ¢(X) is a subspace of the Banach space X**, hence, ((X) is a
Banach space (it is a closed subspace of a Banach space). Thus, by identifying X with
t(X), the space ¢(X) is a Banach space containing X as a dense subset. We call ¢(X) the
completion of X.

Definition 6. Let X be a normed vector space. We say a sequence {x,,}>> | in X converges weakly
toxr e X if

lim ¢(z,) = ¢(x) Ve X"

n—oo

We say a sequence {p,}o2, in X* converges weak-* (read "weak star”) to ¢ € X* if

lim p,(z) = ¢(x) VzelX.

n—oo
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Recall the Bolzano-Weierstrass Theorem which states that every bounded sequence {«, }°%,
in F has a subsequence which converges in F. The next result is a variation of that theorem
in normed vector spaces. The special case we will establish is suitable for our purposes.
Those who are familiar with the Arzela-Ascoli Theorem might recognize the diagonalization
argument.

Theorem 9 (Banach-Alaoglu Theorem). Let X be a normed vector space and suppose there
is a countable subset S = {s1,59,83,...} of X such that S = X (we say X is separable).
Then every bounded sequence in X* has a subsequence which converges weak-* in X*.

Proof. Let {¢,}o2; be a bounded sequence in X*. There exists M > 0 such that
lenll <M ¥V neN.
Then we have

[En(s)| < llenll lsoll < M |[sa] ¥V n €N

By the Bolzano-Weierstrass Theorem, there is a subsequence {gpni } of {¢n}, and a
k=1
point ¢(s1) € F such that

lim <Pn}c(51) = p(s1).

k—o0

Similarly, we have

< Mso]| Vk>1.

Qonllc (52)

[e.e]

By the Bolzano-Weierstrass Theorem, there is a subsequence {@ni }
point ¢(s2) € F such that

- of {apn}g}k:l and a

lim ,2(s2) = ¢(s2).

k—o0

Assume that we have constructed sequences {gpnk} , {S%z} yeees {gon;cn }Z‘i , such that
k=1 k=1 =

{SOn,{} is a subsequence of {p,} ~,, {gpniﬂ} is a subsequence of {gonj} for all
’ k=1 k=1

k

je{1,2,...,m—1}, and there exist points p(s1), ¢(s2), ..., ¢(sm) € F such that

lim ¢ ;i (s;) =¢(s;) Vje{l,2,...,m}.
k—oo k
Then we have
|ong (Smr1)| < Mlsmaal V&= 1.
By the Bolzano-Weierstrass Theorem, there is a subsequence {gOnLn-H} of {(pnk}zo_l and
k=1 =

a point ¢(S;,4+1) € F such that
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m @, m+1(Smt1) = @(Sms1)-
k—oco k

oo
By recursion, there exists a collection of sequences {gonj} , 7 € N, and a sequence of
k) p=1

[e.9]

points {y(s;)};2; in F such that {gonllc} is a subsequence of {¢,} ~, {@ninLl} is a
k=1 k=1

subsequence of {gpnj} for all j > 1 and
1

k) k=

Jim @, (s;) = @(s5) VjeN
For each k£ € N, let ¢,,, = Pk One can show that the sequence {¢,, },-, is a subsequence
of {¢n}nzi. Moreover, for each j € N, the sequence {¢,, },_. is a subsequence of {S%i }:O:l,
and so we have

lim ¢, (s;) = @(s;).

k—o0
Let x € X. Fix € > 0. There exists 7 > 1 such that
o — sl < 2
T — 8 —_
=3

Choose N € N such that
k>N = [pn,(s5) = on(55)] <

W M

Then, for all k,l > N we have
o (2) = o (2)] < o, () = @, (85)] 4 [0, (85) = @y (85)] 4 [0, (85) — oy ()]

e e E 13
<l Il llz — 55l +§+ lon I 55 — || < §+§+§ =E€.

Thus, {¢n, (z)},-, is a Cauchy sequence in F. Hence, {¢,, ()}, converges in F. Therefore,
we can define a function ¢ : X — F by the rule

o(2) = lm gn(z), z€X.
k—o00

Just as in the proof of Theorem 3, it follows that ¢ is linear since it is the pointwise limit of
the linear maps ¢,,,. To show that ¢ is bounded, let x € X be such that ||z|| < 1. Then we
have

()] < le(@) = on, (@)] + len, (2)] < lo(@) =, ()| + MV E>1.
Sending £ to infinity in the above inequality implies
p(z)| < M.

Since z € X with ||z|| < 1 is arbitrary, we conclude ||¢(z)| < M and so ¢ € X*. By the

definition of ¢, it follows that {@,, },-, converges weak-* to ¢.
O
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2 Hilbert Spaces

Definition 7. Let X be a vector space over F. An inner product on X is a function
(,-) : X x X — T which satisfies the following properties:

(i) (z,xz) >0 for all x € X,

(ii) (x,z) =0 if and only if x = 0,

(iii) (x +y,2) = (z,2) + (y, 2) for all z,y, z € X,

(iv) (ax,y) = a(z,y) for all z,y € X and a € F,

(v) (z,y) = (y,z) for all x,y € X.

Note that if (-, -) is an inner product on X, then for each x € X, the function (-,z) : X — F
is a linear functional on X. Furthermore, for each z,y, 2 € X and o € [F, we have conjugate
linearity in the second argument:

(r,ay +2) = (ay + z,2) = a(y,2) + (z,2) =a(y,z) + (z,2) =a(z,y) + (2, 2) .
In particular, these linearity relationships imply
(0,z) =0=(2,0) VzelX.

A vector space X together with an inner product (-, ) is called an inner product space.

Let X be an inner product space. Condition (i) in the definition of an inner product implies

that we can define a function ||| : X — [0, 00) by the rule
Jz]| = V{z,2), z€X.
As suggested by the notation, we will show that ||-|| defines a norm on X. Condition (ii) in

the definition of an inner product implies
|z]| =0 <= 2z =0.
Let (o, x) € F x X. The conjugate linearity of (-,-) implies
(ax, az) = a (z,az) = aa (z,z) = |af’ (z,z) .

Hence,

lazll = v/{az, az) = \/|af* (z,2) = |a| /{2, 2) = |a] |||

It remains to establish the triangle inequality. To do this, we will establish another important
relationship between the functions (-, -) and ||-||.

Proposition 10 (Cauchy-Schwarz Inequality). Let X be an inner product space. Then
[zl <zl lyl] V¥V z,y€eX.

Furthermore, we have equality if and only if y = 0 or there is a € F such that x = ay.
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Proof. Let z,y € X. If y = 0, we observe that (z,y) = 0 = ||z| ||y||, so we assume y # 0.
For a € F, we have:

(r—ay,z—ay) = (z,2 —ay) —a(y,z —ay) = (z,7) —a(z,y) — alz,y) +|o|* (,y)

= 0<(z—ay,z—ay) = || — 2Re (@(z,y)) + || |yl

Choosing the special value a = <Hx7 ?|J2> gives
)
2 2 2
Yy T,y T,y
0< o~ oy —ay) = ol 21 LUE AT e T )
lyll [yl [yl
[, )"
7 <l
[yl
2 201 112
= [z, 9" < =] |yl
= [z, )| < [zl yll-
This proves the desired inequality.
Now, if [(x,y)| = ||=|||ly||, then the above chain of inequalities become equality, and we

have 0 = (z — ay, x — ay), which implies = = ay.
Conversely, if x = ay for some a € F, we have (recall we are assuming y # 0)

allyl® = aly,y) = (ay,y) = (z,9)

== a= <a:,y2>.
1yl
Hence,
[z, y)”
l2[|* = (z, 2) = (ay, ay) = |af* [ly]|* = T

2 2 2
= [{z,y)[" = [lz]" [y

= (@, y) = ll=[ vl

Proposition 11 (Triangle Inequality). Let X be an inner product space. Then
e +yll <zl + [yl VayeX

Furthermore, we have equality if and only if y = 0 or there exists o > 0 such that r = ay.

18



Proof. Let x,y € X. Using the Cauchy-Schwarz inequality, we have

Re (z,y) < [(z,y)| < [|lz]| [[y]l.

Hence,
Iz +yll* = (z+y, 2 +y) = (z,2) + (y,2) + (x,9) + ()
= ||=|I” + 2Re {z,y) + lyl* < Iz + 21lz] Iyl + lylI* = (] + lyll)*
= [z +yll < [l=| + llyll-

Now, if ||z + y|| = ||=||+]]y||, then the above inequalities imply Re (x,y) = |(z,y)| = ||z ||y]|-
Hence, by Proposition 10, if y # 0 then there is a € F such that + = ay. The proof
(z,y)

lyl*”
(r,y) = |{x,y)| > 0. Therefore, we conclude a > 0.

of Proposition 10 shows that o = and the equality Re (z,y) = |(z,y)| implies

Conversely, if there exists a > 0 such that x = ay, then o+ 1 > 0 and so

[z +yll = lley +yll = [[(e + Dyll = (a+ Dyl = allyl + llyll = lleyll + llyll = [l + vl
O

Now that we have the triangle inequality, every inner product space X has a norm given by
the function ||-|| = y/(-,-). An inner product space which is complete with respect to the
norm induced by its inner product is called a Hilbert space.

Let X be an inner product space and let y € X. We already mentioned that the map
(-,y) : X — F is a linear functional on X. With the Cauchy-Schwarz inequality, for every

r € X with ||z|| < 1 we have [(x,y)| < ||y||. Moreover, if y # 0, then x = ﬁ satisfies
Y

|z|| = 1 and (z,y) = ||y||. Therefore, we conclude (-,y) € X* and ||(-,y)|| = ||y|| (the same
conclusion is true if y = 0).

Proposition 12 (Pythagorean Theorem). Let X be an inner product space. For every
x,y € X such that (x,y) =0, we have
2 2 2
[l +ylI” = ll=l”+ llylI”
Proof. Let x,y € X be such that (z,y) = 0. Then we have

lz+yll” = (@ +y,2+y) = (x,2) + (y,2) + (,9) + (,9) = ||z + [ly]*.
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Proposition 13 (Parallelogram Law). Let X be an inner product space. Then
e+ yl* + lle = ylI* =2 (Jl=* + [ly*) ¥ 2,y € X.
Proof. Let x,y € X. Then
lz +yl* = (& +y, 2 +y) = [[2]* + 2Re (z,9) + [lyl*,
and
2 2 2
lz =yll” = (x—y,z —y) = |lz|” = 2Re (z,y) + |ly[I".
Hence, we have
2 2 2 2
lz+ylI” + lle =yl =2 (=l + lyl) -
O

Definition 8. Let X be an inner product space. We say x,y € X are orthogonal if (z,y) = 0.
If S C X, then the orthogonal complement of S, denoted S+, is the set of all elements of X
which are orthogonal to every element of S. That is, S* ={z € X : (z,s) =0 Vse S}

One can verify that St is a closed subspace of X for any subset S of X, (in particular, S

itself does not need to be a vector space) and S+ = span(S)l. We have SN S+ c {0} for
any subset S of X, and we have equality if and only if 0 € S. Moreover, since every element
of S is orthogonal to every element of S+, it follows that S C (S+)t. We will say more on
this later.

Lemma 14. Let X be an inner product space and let Y be a subspace of X. For every
x € X, there is at most one y € Y such that x —y € Y.

Proof. Let x € X. Suppose there exist 1, y» € Y such that © — y;, * — y» € Y. Then
yo—wn=(r—wy)— (x—y) €Y NY" ={0}.

Hence, y; = ys. O]

A subset C' of a vector space X is said to be convex if for every z,y € C and t € [0, 1] we
have tx + (1 —t)y € C. Although we will mainly use the following lemma for vector spaces,
the more general statement yields itself with the same amount of effort.

Lemma 15 (Best Approximations). Let X be a Hilbert space and let C C X be a nonempty
closed convex set. For every xog € X there exists a unique yo € C' such that

— ol = inf [|lzo — y]| -
2o = yoll = inf Jlzo — v]
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Proof. Let g € X. By definition of infimum, there exists a sequence {y,}., of points in C
such that

li — Yn|| = inf -yl .
Jim [lzg = ynll = Inf f|zo —y]
To — Yn To — Ym
Now, for n,m > 1, using the Parallelogram Law with = = 0¥ and y = % we have
Lo — Y ? Lo — Y ? Yn + ¥y ? Yn — ¥ ?
9 0 n 0 m = g — n m n m
(el o=l ) - - () o s

2

v (Yt Ym
0 2

€ C for all n,m > 1. Hence, the above equality gives

= lyn = yull” = 2 (2o = yull” + llzo = ym|”) — 4

Yn + Ym

By convexity,

2
o = o <2 (o =l + = o) ~ 4 (jnf oo =) ¥ > 1

Fix € > 0, and choose N € N such that

2 2
2 . €
— UYnll™ — f — < — ¥n>N.
|zo — Yl (yﬂelCHl’o yH> =7 n =z

Then,
2
2 (120 = vl + 170 = ) = 4 {10 o =
2 2
-2 (on ol = (int oo o1 ) +2 (nxo ~ ol = (it o~ 1) )
SQ(%Q) —1—2(%) =¢? Vn,m>N,
and so

1Y — yml|> < €2 Yn,m>N
= |lYn —yml <e Vn,m>N.

Therefore, {y,} -, is a Cauchy sequence in X. Since X is a Hilbert space, there exists
Yo € X such that y,, — yo. Since C' is closed, we conclude yy € C'. Then, by the continuity

of the norm, we conclude
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lzo — yol| = im |lzg — ynl| = inf [|zo — || .
n—00 yeC

To show that yo is unique, let zp € C be such that ||zg — z|| = in(:g |0 — y||. By another
ye

ZTo — Yo

application of the Parallelogram Law with x =

2< 2>:

= |lyo — Zo||2 =2 (||5L“o — yo||2 + [|zo — Zo||2) —4

and y = o ; 0 we have
2
+ 2
To — (Z/o . 0) +‘
()l
o — .
2

€ C. Together with ||zg — yo| = ing lzo — y|| = ||xo — 20]|, the above
ye

2
-+

2
To — Yo

2

Lo — 20
2

Yo — =0
2

Yo + 20

2

By convexity,

equality gives

2
oo =2l 2 (o = ol? + o = ) 4 (308 e o) =0

= lyo — 2l = 0.

ThU.S, Yo = <0-
[]

Theorem 16 (Orthogonal Projection). Let X be a Hilbert space and let Y be a closed

subspace of X. Let P : X — Y denote the map such that for every x € X the point P(x)

is the unique point in'Y such that ||z — P(z)|| = in}f/ |z —yll. Then x — P(x) € Y+ for all
ye

reX. Ifr=y+zwithy€Y and z € Y+, then y = P(x). Furthermore, P is linear.

Proof. By Lemma 15, P is a well-defined function. Let z € X and y € Y. By definition of
P(z) we have

e — P(a)|* = (ggux - zu) <o~ P@) — gl = (e — P(a) — y.2 — Plz) —y)

= (z— P(z),z — P(z)) — (x — P(x),y) — (y,x — P(x)) + (y,y)
= |lz = P(2)|* = 2Re ({z — P(x),9)) + lyl*-
Hence, we conclude

Re (o~ Pl < 140 vy ey

Since —y € Y for every y € Y, this inequality also implies

22



“Re (e = P(a).1) = Re (o = Pa). ) < L IE ey

Therefore, we conclude

Re (@ P < WD vy e

If F =C then iy € Y for every y € Y, and so

Im ((z — P(x),y))| = [Re (=i (z — P(z),y))| = |Re ((z — P(x),iy))| < @ _ @

for every y € Y. Therefore, these inequalities imply
(@ = P(2),y)| < [Re ((z = P(2),y))| + [Im ((z = P(x),y))| < lyl* VyeY.

FixyeY,andlete > 0. Let § = , so that ¢ Hy|]2 < e. The above inequality implies

e

ol +1

5l = P(a). )| = 10 r — P(2).)| = (@ — Pla). )| < [yl = 5y’
= |{e — P().)| < ol <.

Since € > 0 is arbitrary, we conclude (z — P(x),y) = 0. Since y € Y is arbitrary, we conclude
r— P(x) e Yt

Now, if v =y + 2z withy € Y and 2 € Y, then v —y = z € Y+, Since x — P(z) € Y+,
Lemma 14 implies y = P(x). To show that P is linear, let 21,22 € X and a € F. Then

ary +x9 = a(P(z1) + 21 — P(21)) + P(22) + (22 — P(22))
= aP(z1) + P(z2) + (a(z1 — P(z1)) + (22 — P(x2))),

where aP(x1) + P(z2) € Y and a(z; — P(z1)) + (22 — P(x22)) € Y. Therefore, we conclude
P(axy + x2) = aP(z1) + P(x3).
[

The map P : X — Y in Theorem 16 is called the orthogonal projection of X onto Y. Since
Y+ is also a closed subspace of X, we have the orthogonal projection P+ : X — Y+ of X
onto Y*. These maps give us a nice way to decompose points in a Hilbert space.

Corollary 17 (Orthogonal Decomposition). Let X be a Hilbert space and let Y be a closed
subspace of X. Let P : X — Y be the orthogonal projection onto Y, and P+ : X — Y+ be
the orthogonal projection onto Y+. Then x = P(x)+ P*(z) for allz € X. If v = y+ z with
y€Y and z € Y* then y = P(x) and z = P+(x). Moreover, P and P+ are bounded linear
maps with |P|| <1 and ||P*|| < 1.
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Proof. The linearity of P and P follow from Theorem 16.
Let x € X. Since Y C (Y1), we have

r — Pt(z), P(z) € (Y4)*,

and

r— P(x), PH(z) e Y+
Hence

PH(z) — (z — P(x)) = P(x) — (v — PH(z)) e YN (YH)* = {0}.
Therefore, we have the decomposition x = P(z) + P*(z).
Now, suppose that x =y + 2 with y € Y and z € Y*. By Theorem 16 using the orthogonal
projection P, we conclude y = P(z). We also observe x = z+y with 2 € Y+ and y € (Y1)*.
By Theorem 16 using the orthogonal projection P+, we conclude z = P*(x).
It remains to show P and P+ are bounded. For every z € X we have P(x) = z — P1(x), so
1P =l ~ PH@)] = inf fle— 2l < o] ¥ we X

The above inequality now implies that ||P(x)|| < 1 for all x € X with ||z|| < 1. Therefore,

P is bounded with [|P]| < 1.
Similarly, for every x € X we have P*(z) = x — P(x), so

[P = 1z~ P@)] = inf llo — =] < Jlo)] ¥z € X
Thus, we conclude Pt is bounded with HPLH <1
O

Using the orthogonal decomposition of points in Hilbert spaces, we can establish an inter-
esting result regarding orthogonal complements.

Lemma 18. Let X be a Hilbert space and S C X. Then span(S) = (S+)*.

Proof. Since S C (S%)*, and (S*)* is a closed subspace of X, we immediately have
span(S) C (S+)*.
Let P be the orthogonal projection onto span(S). Let z € (S*)*. By Theorem 16, we have
x— P(x) € span(S)l = S+, and P(x) € span(S) C (S*)*, and so

r— P(z) € St n(SH*t = {0}

Hence, z = P(z) € span(S). Thus, (S+)* C span(9).

Therefore, we conclude span(S) = (S+)*.
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In particular, if Y is a closed subspace of a Hilbert space X, then Y = (Y1)+.

Earlier, we discussed that for every y in an inner product space X, the map (-,y) : X — F
is a bounded linear functional. On a Hilbert space, this gives a complete characterization of
all bounded linear functionals.

Theorem 19 (Riesz Representation Theorem). Let X be a Hilbert space. For every ¢ € X*
there exists a unique y € X such that o(x) = (x,y) for all x € X.

Proof. We first establish uniqueness. If y,z € X and (z,y) = (x,2) for all x € X. Then
(x,y — 2z) =0 for all x € X. In particular, (y — z,y — z) =0 y—2=0 = y=-=z.

Now, let ¢ € X*. If ¢ =0, then p(z) = (x,0) for all z € X.
Suppose ¢ # 0. There exists zp € X such that ¢(xg) # 0. Let Y = {x € X : ¢o(z) = 0}.
The continuity of ¢ implies that Y is a closed subspace of X. By Corollary 17, there exist

Yo € Y and 2y € Y+ such that zy = vy + 2. Then we have

¢(wo) = w(yo) + ¢(20) = ¢(20)-

In particular, p(z9) # 0 and zy # 0. Let y = 90“(Z0|)§0. Note that y € Y+, and
20
p(z0)
<207?J> = ||2 ”2 <ZOaZO> = 90(20)-
0

Let z € X. Then we have

0 (fc - S[:O(ZZ)OZ)O) = p(x) — (ﬂgj) = o(x) — p(x) = 0.

o(x)20
¢(20)

€Y. Since y € Y+, we have

SRR

_ /@ N\ ele)
= (z,y) = < (o) 7y> (o) (20,y) = p(z).

Hence, z —

Since z € X is arbitrary, we conclude p(z) = (z,y) for all z € X.
[l

Definition 9. Let X be an inner product space. A subset S of X is said to be orthogonal
if for every s1,s2 € S with s; # s we have (s1,s5) = 0. An orthogonal set S is said to be
orthonormal if (s,s) =1 for all s € S.
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For our purposes, we will usually deal with countable orthogonal or orthonormal sets. In this
case, we will usually refer to a countable set S = {e;}72, as being orthogonal if {(e;, e;) =0
for all j # k, and orthonormal if S is orthogonal and (e;,e;) = 1 for all j > 1. In particular,
when we enumerate a countable orthogonal or orthonormal set S = {ey,eq,...} (whether

finite or infinite) we assume e; = e, <= j =k.

Lemma 20 (Generalized Pythagorean Theorem). Let X be an inner product space and let
S ={e1,ea,...,en} be a finite orthogonal set in X. Suppose {ay, aq, ... ,an} CF. Then

n 2 n

2 2
S ajes|l =l el
P =1

In particular, if S is orthonormal we have

n 2 n
2
> aje|l = layl®
j=1 7j=1

Proof. We argue by induction on n. The case n = 1 is immediate. Suppose that for some
n € N we have proved the result for all orthogonal sets of size n and all subsets of I of size
n. Let {e1,eq,..., €511} C X be orthogonal and let {ay, ag, ..., an1} C F. Then we have

n n
<§ :aj6j7an+1€n+1> =Y o (e, ensn) = 0.

j=1 j=1

Hence, by the Pythagorean Theorem and our induction hypothesis, we have

2

n+1 2 n
Z Q€ = ‘ (Z Oéjej) + Opt1€pa1
j=1 j=1
n 2 n n+1
2 2 2 2 2 2 2
=D ases| +lannienl® = (Z o™ lles ) + lama* flensal* =D Lo el
j=1 j=1 j=1
Therefore, by induction, we have the generalized Pythagorean Theorem. O

Orthonormal sets have useful properties in Hilbert spaces.

Lemma 21. Let X be a Hilbert space and let S = {e;};2, be an orthonormal subset of X.
Let P : X — span(S) be the orthogonal projection onto span(S). Then

P(z) = Z(m,ej)ej VoelX.

Jj=1
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Proof. Let x € X and let n € N. Observe that for every k£ > 1 we have

<x - Z (x,e;) ej,ek> = (z,ex) — <Z (z,e;) ej,ek>

J=1 J=1

n

= (z,ep) — Z (w,e5) (ej,ex) = (z,ex) — (v, ) = 0.

Jj=1

n

Therefore, it follows that = — Z (x,ej)e; € S+ = span(S)L.

j=1
Hence, by the generalized Pythagorean Theorem we have

||x|]2:H<x—z x,€j) € >+Z T, ej)e
j=1

2

2

n 2

> D> (weje

J=1

n

= lae)l.

Jj=1

n

x—Z(x ej)e

J=1

E T 6]
=1

oo
Since n € N is arbitrary, it follows by the monotone convergence theorem that Z |(z,e;)]
j=1

2

converges and

o0

2 2
> el < .
j=1

Fix € > 0. There exists N € N such that

m>n>N = > [z <&
Jj=n+1
Then for all m > n > N we have

m n 2

Y (wee; =) (wepe

j=1 7=1

m
Z |<ZE, 6j>|2 < e,

j=n+1

m
E I 6]

Hence, by interchanging the roles of m and n, it follows that

n

Z z,ej)e Z(x,ej>e]

7=1

<e Vn,m2>N.
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Thus, {Z (z,e;) ej} is a Cauchy sequence in span(S). Since span(S) is a Hilbert space
J=1 n=1

n—o0

(it is a closed subspace of a Hilbert space) it follows that lim Z T, ej)e Z x,ej)e
J=1 7=1

defines a point in span(.S). We showed that x — Z (x,e5)e; € spaun(S)L for all n € N. Since
j=1

spam(S)L is closed, it follows that x — Z (x,e;)e; = lim (a: - Z (z,e;) e]-) € span(S)L.
n—oo
=1 j=1

Then we have the decomposition

Z x,ej) e+ ( Z x,ej)e )

Jj=1 J=1
with Z (x,e;)e; € span(S) and x — Z (T, ej)e; € span(S)l. By Theorem 16, it follows

Jj=1 j=1
that P(x Z T, e;)e
7j=1
[

There are a few more important properties of orthonormal sets that are useful to keep in
mind.

Proposition 22. Let X be a Hilbert space and let S = {e;}32, be an orthonormal subset of

X. Let Y = span(S) and let P : X — Y be the orthogonal projection of X onto Y. The
following are equivalent:

(i) X =Y,
(ii) For all x € X, if (x,e;) =0 for all j > 1 then x =0,

(iii) For allz € X, ||z||* =) |(z,¢;)|”
=1

Proof. (i) = (ii)
Suppose X =Y. Let + € X and suppose (z,e;) = 0 for all j > 1. Since x € Y, we have
x = P(x). Then by Lemma 21

o
E x,ej)e
Jj=1
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(if) = (iii)

Suppose that for every z € X, if (x,e;) = 0 for all j > 1 then = 0. Let x € X. By
Theorem 16 we have z — P(z) € Y*. In particular, (x — P(z),e;) = 0 for all j > 1. By
assumption, we have x — P(x) = 0. Thus

M

r=Px)=

(x,e;)e;.
1

J

In particular, since the norm is a continuous function, we have by the generalized Pythagorean
Theorem

oo n
Sl el = Tim S o) = lim
n—o0 n—oo
i=1 j=1

(i) => (i)

n 2

> mehe

Jj=1

2

2
= [l=]I”-

[e.9]
> we)e;
j=1

Suppose for all z € X we have ||z||* = Z [(z,e;)°. Let € X. Lemma 21 implies

o
E T,e;)e
J=1
By continuity of the norm, we have
o o0
E (x,e;) _hmE (x,e;) > = lim E T, e;) E T, e;)
j: : :

In particular, ||z||* = ||P(z)||*. By Theorem 16, z — P(z) € Y*, so (x — P(z), P(z)) = 0.
By the Pythagorean Theorem we have

2

= ||P ()|

el = [|(x - P(2)) + P@)|]* = llz — P@)|* + | ()]
— |z - P@)|* = 0.

Thus, x = P(z) € Y. Since x € X is arbitrary, we conclude X C Y. Since Y C X, we
conclude X =Y.
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For our last result, we look at what the Banach-Alaoglu Theorem implies for Hilbert spaces.

Theorem 23. Let X be a Hilbert space such that there exists a countable set S C X with
S = X. Every bounded sequence in X has a weakly convergent subsequence.

Proof. Let {z,}>°; be a bounded sequence in X. Since ||(:,z,)| = ||z,| for all n € N,
it follows that {(-,z,)}>°; is a bounded sequence in X*. By Theorem 9, there exists a
subsequence {x,, },-, and y € X* such that

lim (z,z,,)=po(zr) VzelX.

k—o0

By the Riesz Representation Theorem, there exists xg € X such that
wo(r) = (z,20) V2elX.

Let ¢ € X*. By the Riesz Representation Theorem, there is y € X such that ¢(-) = (-, y).
Then

lim p(an,) = Hm (n,,y) = @o(y) = (o, y) = ¢(20)-

k—o00

Since ¢ € X* is arbitrary, we conclude {z,, },-, converges weakly to zo.
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