24

The Hilbert transform

Suppose that €2 is a bounded simply connected domain with C°° smooth
boundary. Let a € € be a fixed point. Given a real valued function u
in C*°(bQ?), we may identify u as the boundary values of a real valued
harmonic function U on € that is in C°°(Q2) (see Theorem 10.1). We will
show that there is a real valued harmonic conjugate function V' (meaning
that U + iV is holomorphic on ) such that V is also in C°°(£2). We
can make V uniquely determined by specifying that V(a) = 0. Under
these conditions, let v denote the restriction to the boundary of V. The
function v is called the Hilbert transform of u and we write Hu = v. In
this chapter, we will prove that the Hilbert transform is a well defined
linear operator and we will prove the classical facts that H maps C*°(bS2)
into itself and that H extends uniquely to be a bounded operator on
L2(b92).

Given a real valued function uw in C*° (b)), we have expressed the
harmonic extension U of u as a sum h+ H where h and H are in A% ()
and are given by h = P(S,u)/S, and H = P(L,u)/L, (Theorem 10.1).
Since u is real valued, the maximum principle shows that its harmonic
extension U is also real valued, and it follows that the imaginary parts
of h and H must be equal. Hence, h and H differ by a real constant on
Q. In fact, since H(a) = 0, we deduce that h(z) = H(z) + h(a) for all
z € €1, and therefore, that the harmonic extension of u is given by

U(z) = h(a) + 2Re H(z).

We have expressed the harmonic extension of u as the real part of the hol-
omorphic function h(a)+2H(z), and we may write U +iV = h(a)+2H.
The real valued function V' in this formula is a harmonic conjugate
function for U and it is uniquely determined by the condition that
V(a) = 2H(a) = 0. The Hilbert transform Hu of wu is defined to be
the function v on b2 given by the boundary values of V. We have shown
that Hu = 2Im H.

Since Im A = Im H, we may summarize our work above in the fol-
lowing theorem.

Theorem 24.1. The Hilbert transform on a bounded simply connected
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132 The Cauchy Transform, Potential Theory, and Conformal Mapping

domain Q with C'°° smooth boundary is given by

=2 (P20,
" Hu = 2Im (P(gz “)) (24.1)

where P denotes the Szeqd projection associated to Q). It follows that the
Hilbert transform is a linear operator mapping C°(bQY) into itself that
extends uniquely to be a bounded operator from L2(bY) to itself.

Indeed, since S, is a nonvanishing function in C*° (b)) and since P
is a bounded operator on L?(bQ2), the fact that the Hilbert transform
extends to be a bounded operator on L?(b§2) can be read off from for-
mula (24.1).

Let f denote the Riemann mapping function that maps 2 one-to-
one onto the unit disc with f(a) = 0 and f’(a) > 0. It was shown in
Chapter 12 that the Szeg6 kernel transforms under the map f via

5(z,a) =V ['(2)Su(f(2), fa))V/ ['(a), (24.2)

where Sy (z, w) denotes the Szegd kernel of the unit disc. Now, Sy (z,0) =
(2m)~1. Hence, it follows from (24.2) that

S(z,a) = 2m) TV f'(2) V f'(a). (24.3)

When this formula is plugged into (24.1), we obtain the next theorem.

Theorem 24.2. The Hilbert transform can be written
P !/
Hu = 2mm | LT
VI

where f is the Riemann mapping function that maps  one-to-one onto
the unit disc with f(a) =0 and f'(a) > 0.

Formula (24.1) can be used to estimate the constant C' in the L2
estimate ||Hu|| < Cllu||. Indeed, we have

Ipall < 2055 Pl < 2 (Mo 50 (0) 1) 1P(Sw0)l,

and
P < < (M .
[P(Sau)]| < [[Squll < <w&>§2|5a(w)|) ]
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Let
M = Max |S(w,a)|, and
web
m = min |S(w,a)|.

webQ

We have proved that the smallest possible constant C' in the L? estimate
|Hu|| < C|lu|| for the Hilbert transform satisfies

M
C<2—.
m
The fraction M/m can also be described in terms of the Riemann map-

ping function f that maps € one-to-one onto the unit disc with f(a) =0
and f'(a) > 0. Let

A=M ! d
Ma |/ (w)], an
A= mi ! .
min |f(w)]
Then, using (24.3), we see that M/m = A/2/\1/2,
We mention one last formula. The Szegd projection transforms under
the Riemann map f according to the identity

P(VFeo ) = VT (Bug)o ).

where Py denotes the Szegb projection on the unit disc U and ¢ €
L2(bU). Apply this identity to the function ¢ = u o f~! and plug the
result into the formula of Theorem 24.2 to obtain

Hu = 2Im (PU(uoffl)) o f.

Actually, this last formula is not hard to derive from first principles and
it is possible to make this result the starting point of the theory as an
alternative to basing the reasoning on Theorem 4.3 and identity (7.1).






25

The Bergman kernel and the Szegé
kernel

The reader should suspect that, because boundary integrals can read-
ily be turned into solid integrals by means of the Green’s formula, the
Bergman kernel and the Szegd kernel of a domain should be closely re-
lated. In this chapter, we show that they are very closely related indeed.

Theorem 25.1. If Q is a bounded simply connected domain with C*°
smooth boundary, then the Bergman kernel K(z,a) associated to Q) is
related to the Szegd kernel via the identity

K(z,a) = 47S(z,a)?.

To prove this identity, we use the relationships that exist between the
derivative of a Riemann map and the two kernels. Let f be a biholomor-
phic map of €2 onto the unit disc such that f(a) = 0 and f'(a) > 0. It was
shown in Chapter 15 that f'(z) = C K(z,a) where C = \/7/K(a,a).
Theorem 12.3 states that f/(z) = ¢S(z,a)? where ¢ = 27/S(a, a). Hence
it follows that K(z,a) = (¢/C)S(z,a)?. By plugging in z = a into this
last formula and by using the expressions for ¢ and C, it can be deduced
that ¢/C = 4.

If ©Q is multiply connected, then the relationship between the ker-
nels is not as direct. In the next theorem, the functions F(z) denote
the derivatives of the classical harmonic measure functions that were
introduced in Chapter 19.

Theorem 25.2. Suppose that Q is a bounded n-connected domain with
C> smooth boundary. Then the Bergman kernel and Szegd kernel are

related via
n—1

K(z,a) = 475(z,0)* + Y \;Fj(2),
j=1

where the coefficients A; are constants in z which depend on a.

Proof. Define G(z) = K(z,a)—4nS(z,a)?. To prove the theorem, we will
show that GT is orthogonal in L?(b2) to H?(b2) and to the space of
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136 The Cauchy Transform, Potential Theory, and Conformal Mapping

conjugates of functions in H2(b€2). Then Theorem 19.1 implies that G =
>~ A;Fj and this is what we want to see. Since K (z,a) and S(z, a) are in
A () as functions of z for fixed a € Q, Theorem 4.3 yields immediately
that GT is orthogonal to the space of conjugates of functions in H?2(bS2).
To see that GT is orthogonal to H2(bS2), let h € A®(Q) and compute

<KaT, h>bQ = KQTEdS = KaEdZ
bQ b2

- // Ko T0dz A dz = 2 (Ko, B Yo = 2 (@)
Q

(by the reproducing property of the Bergman kernel). Next, observe that,
by identity (7.1), o
(S0)°T = —(La)*T.

By integrating this identity around the boundary with respect to ds, we
see that the residue of (L,)? at z = a is zero by applying the residue
theorem on the right hand side and Cauchy’s theorem on the left. Now
we may compute

((Sa)?T, h)po = /bQ(Sa)QTEds =— /m (L,)2T hds

T s — (g LT
:_/bQ(La) iz = —(=2mi) (s W)

because (2rLy)? = (2 — a)™? + H where H € A*(Q). Hence, we have
shown that [,, GT hds = 0. Since A®(Q) is dense in H?(bQ2), it follows
that GT is orthogonal to H?(b2), and the proof is complete. O

The numbers A; in Theorem 25.2 are functions of a. In fact, it is not
hard to show that A;(a) is an antiholomorphic function of a given by

n—1
Aj(a) =Y CixFi(a)
k=1

for some constants Cji. To see this, we integrate the formula in Theo-
rem 25.2 around one of the n — 1 inner boundary curves 7y, to obtain

n—1 n—1
/ (K(z,a) —47S(z,a)?) dz = Z Aj [ Fi(2) dz = Z Api)j
Yk j=1 Yk j=1

where [Ag;] denotes the nonsingular matrix of periods that we discussed
in Chapter 19. Let 7 represent a curve that is homotopic to 7, but
that is inside Q (such as the curve traced out by a point at a distance of
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¢ along the inward pointing unit normal vector to ~; for small €.) We
may now write

/

This shows that the A;(a) are antiholomorphic functions of a because
the kernels are antiholomorphic in a. Now consider the idea of approxi-
mating the integral in the identity above by a finite Riemann sum. Since
K(z,a) — 47S(2,a)? is the conjugate of K(a,z) — 47S(a, z)?, it follows
from Theorem 25.2 that K(z,a) — 47S(z,a)? is in the linear span of
{F/(a)}}Z] for each fixed z. Hence, as a function of a, the Riemann sum

(K(z,a) —47S(2,a)?) dz = i AgiXj(a).

€
k

represents a function in the linear span of the F/(a). A simple limiting
argument now shows that a limit of such Riemann sums must also lie in
this span and the proof is complete.

Therefore, the Bergman and Szegd kernels are actually related via

K(z,a) = 41S(z,a)* + Z_: CjiF)(2)F](a) (25.1)
k=1

for some constants Cjy.

We may use the results of Chapter 19 to write the formula relating
the Szeg6 kernel to the Bergman kernel in a different form. Let us use
the notation S’(z,w) to denote the function a%S(z,w), i.e., the prime
denotes differentiation in the holomorphic variable.

Theorem 25.3. Suppose that € is a bounded n-connected domain with

C> smooth boundary. For a point a € ), suppose that the zeroes of the

Szegd kernel S(z,a) are given as the set {a; ;L:_ll of n— 1 distinct points

in Q. The Bergman kernel associated to ) is related to the Szegd kernel
via the identity

n—1 K( )

K(z,a) = 4n5(z,0)* + 210 Y oo P U L(2,05)5(2, )

j=1 S (aj7 a)

Proof. Since, by Theorem 19.1, the linear span of the functions F7 is the
same as the linear span of the functions L(z,a;)S(z,a), it is clear from
Theorem 25.2 that there are constants c; such that

n—1
K(z,a) = 41S(z,a)* + 27 Z ¢;L(z,a;)S(%, a).

Jj=1
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The values of the constants c; are easily determined because the func-
tions G;(z) = L(z,a;)5(2,a) are such that

Gjlar) =0 if kK # j, and
S'(aj, a)

Gjlaj) = —5

since S(ax,a) = 0 for each k and L(z,a;) has a single simple pole at
z = a; with residue 1/(27). The proof is finished. O

Another way to relate the Bergman kernel to the Szegé kernel is by
means of the connection of both of these objects to the Dirichlet problem.
We will now show that the Bergman kernel associated to €2 is directly
related to the Poisson extension of the boundary values of the function
1/(z — a) to Q.

Theorem 25.4. Let Q denote a bounded domain with C*° smooth
boundary. Let a € Q and let u denote the Poisson extension to Q of
©0(2) = (2mi)~Y/(2 — a). The Bergman kernel function K(z,a) is given
by
ou
K(z,a) = —2i—.
(2,a) o

Proof. If h € A>*(Q), then

h(a):/ h(pdz'://ha—lfdi/\dz
bQ o 0z

- //Q h(z) G(z) da A dy

where G(z) is the holomorphic function on  given by —2i(94/0z). Thus,
the inner product of a function h € A*(Q2) with G is equal to the value
of h at a. Since A*(Q) is dense in the Bergman space, this holds true
for all A in the Bergman space. This reproducing property characterizes
the Bergman kernel, and therefore K(z,a) = G(z) and the theorem is
proved. U

The formula in Theorem 25.4 is most interesting on a multiply con-
nected domain. On a simply connected domain, the Bergman kernel
K (z,a) is a constant times the derivative of the Riemann mapping func-
tion mapping a to the origin given by S,/L,. From this, it is not hard

to deduce that
B 0 (S(z,a)
K(z,a) = QS(a,a)E (L(z,a)) .

We proved in Chapter 16 that the Bergman projection and kernel
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transform under proper holomorphic mappings. We close this chapter
by showing that the Szeg6 kernel transforms under certain proper hol-
omorphic maps. In order to prove this result, we will need a fact about
proper holomorphic maps that follows from the material in Chapter 16.

Suppose g is a proper holomorphic mapping of a bounded multiply
connected domain £ with C°° smooth boundary onto a bounded sim-
ply connected domain €y with C'* smooth boundary. Suppose that the
multiplicity of ¢g is m. Let V5 denote the discrete subset of 25 that is
the image of the branch locus of g. Let Gy, k = 1,...,m, denote the
local inverses to g. We proved in Chapter 16 that the G}, are defined on
Qo — Vo, that they extend smoothly to the boundary of €25, and that
they map the boundary of 25 into the boundary of €.

If w; is the harmonic measure function equal to one on the j-th
boundary curve of €2, and equal to zero on the others, then

> wi(Gr(w)) (25.2)
k=1

is equal to a constant (which is a positive integer) for w € Qs — V5. To
prove this fact, notice that the sum defines a positive harmonic function
on Qo — V5. Since this harmonic function is bounded above by m and
below by zero, and since the set V5 is discrete, the possible singularities
at points in V5 are removable. Thus, we may think of the sum as defin-
ing a harmonic function u on all of {25. Since the functions G extend
smoothly to b{2s and since they map b2 into b€2y, it follows that u ex-
tends smoothly to Qs and that it is positive integer valued on bQs. The
boundary of 25 is connected since 25 is simply connected. A continuous
integer valued function on a connected set must be constant. Hence, u
is constant on {25 and the maximum principle shows that u is constant
on ﬁg.

By differentiating equation (25.2) with respect to z and using the
complex chain rule, we see that

0= Fj(Gr(w))G(w). (25.3)
k=1

Recall that the operator A, that we used in Chapter 16 was defined as
Aou =370 G (uoGy), and thus, identity (25.3) can be expressed very
simply in terms of the operator Ay as A2FJ{ = 0. Now, apply As in the
z variable to the identity in Theorem 25.2 to obtain

A2K1(~, CL) = 47TA251(', &)2.

Note that the F] terms drop out because AoF; = 0. The trans-
formation formula for the Bergman kernels yields that AsKi(-,a) =
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Ks(-,g(a))g’(a), which in a simply connected domain, is equal to
47S3(+, g(a))?g' (a). Hence, we have proved that, under these conditions
the Szeg6 kernel transforms under g via

m

9'(2)82(9(2),w)* = Y S1(z, Gu(w)* G (w).

k=1

It is worth pointing out that an Ahlfors map associated to a bounded
multiply connected domain with C*° smooth boundary satisfies the con-
ditions under which this transformation formula has been proved to be
valid.



26

Pseudo-local property of the Cauchy
transform and consequences

Let Q denote a bounded domain with C*° smooth boundary. The Cauchy
transform associated to €2 is an example of an operator that is not local.
A local operator @ on L?(bQ2) would have the property that, given a
function u € L?(bS2) that vanishes on an open arc A in the boundary,
then Qu also vanishes on this arc. It is easy to see that the Cauchy trans-
form does not satisfy this property because the transform of a function
vanishing on an arc extends holomorphically past that arc. However,
the Cauchy transform is an example of a pseudo-local operator. This
means that, given an open connected arc contained in the boundary of a
bounded domain Q with C* smooth boundary, if a function in L?(bQ2)
is C'*° smooth on this arc, then so is its Cauchy transform. In this chap-
ter, we will study this property in more detail and deduce some of its
consequences.

If A is an open connected arc in the boundary of 2, we will let |ju|/2
denote the C*® norm of a function u on A. To be precise, fix a C*
parameterization z(t) of the arc A such that z(t) traces out the arc as ¢
ranges from a to b. We define ||u|? to be the supremum of \gTiu(z(t)ﬂ
over a <t <band 0 <k < s. We will continue to use the unadorned
symbol |u| to denote the L?(b2) norm of w.

Let v be an open connected arc contained in the boundary of €2 and
let T be another such arc that compactly contains . The Cauchy trans-
form satisfies the following property known as a pseudo-local estimate.

Theorem 26.1. Given a positive integer s, there is a positive integer
n =n(s) and a constant K = K(s) such that

ICully < K (Jlully + [lul)
for allu € L2(b2).

It should be remarked that part of the conclusion of this theorem is
that if the norms on the right hand side of the inequality make sense,
then the norm on the left hand side makes sense too.

It is possible to prove an improved version of Theorem 26.1 in which
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n is taken to be equal to s + 1 but we will not prove this version. It will
suffice for us to know only that the estimate holds for some value of n.

Proof. Theorem 26.1 is a straightforward consequence of Theorem 9.2.
To see this, let x be a function in C*°(b2) that is equal to one on a
neighborhood of the closure of v in b2 and equal to zero on b2 —T". Now,
we may write Cu = C(xu) + C((1 — x)u). Because (1 — x)u is supported
away from +, it is clear that we may differentiate under the integral sign
defining the Cauchy transform and apply Holder’s inequality to see that

1/2
u|2ds> < (constant)]|ul|.

ettt = 0u)l < (constan) ( [

Q-

To analyze the other part of Cu, we use Theorem 9.2 to obtain
ICOa 7 < K xul® < (constant)ull%.

Combining these two inequalities now yields the theorem. O

Recall that, as a consequence of the Kerzman-Stein identity, the
Szeg6 projection is related to the Cauchy transform via identity (4.3),

P=C—A(I - P).

Because the Kerzman-Stein operator A is given by integration against a
kernel in C*° (b2 x bS2), it follows that

A = Plully < Cl[(I = P)ul| < Cllul].

Thus, the pseudo-local estimate for the Cauchy transform implies the
same kind of estimate for the Szeg6 projection.

Theorem 26.2. Given a positive integer s, there is a positive integer
n =n(s) and a constant K = K(s) such that

1PullZ < K (Jlully, + flul)
for all u € L?(bS2).

As was the case for Theorem 26.1, Theorem 26.2 can be proved using
n = s+ 1, but we will not need this refinement.

One of the most interesting consequences of this pseudo-local esti-
mate is the following result.

Theorem 26.3. The Szegd kernel function is in C*((Qx Q) —A) where
A ={(z,2): z € b} denotes the boundary diagonal set.
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In view of identity (25.1), it follows from Theorem 26.3 and the fact
that the functions Fj are all in A>°(2) that Bergman kernel K (z,w) is

also in C*°((Q x Q) — A).

Proof. Let zg and wg be distinct points in the boundary of Q and let
€ > 0 be small enough that the closures of the balls of radius € about zg
and wg do not intersect. As in Chapter 7, let C,(¢) denote the complex
conjugate of

1 TG

2mi( —w’

For z and w in 2, we know that
S(z,w) = (PCy)(2) = (CCw)(2) — (PACY)(2)

where the last equality follows from the Kerzman-Stein identity P(I +
A) = C. Let us define H1(z,w) = (CCy)(z) and Ha(z,w) = (PACy)(2).
The term #H;(z,w) is the interesting part of S(z,w); the term Ha(z, w)
turns out to be very well behaved.

To analyze Ha(z,w), notice that, for ¢ € b<2,

(ACW)(C) = A(C,6)Cw(§) ds,

£ebQ

and, because C\,(§) is the conjugate of the kernel function of the Cauchy
transform, this is equal to the complex conjugate of the Cauchy trans-
form of the function ¢ (§) = A((, &) evaluated at w. Now, because these
functions and their derivatives in £ are bounded on bf) as { ranges over
the boundary, and because the Cauchy transform satisfies the estimate
in Theorem 9.2, it follows that (AC,)(¢) and all its derivatives in w
are bounded on  as ( ranges over b{). We will now repeat this argu-
ment for derivatives of (ACy,)(¢) with respect to ¢. Let ((t) represent
a parameterization of the boundary and, when w is taken to be a fixed
point in €, consider derivatives of (AC,,)(¢(t)) with respect to t. The
k-th derivative is given by

ak
/5 A(C(1). €)Co(€) ds,

cv OF

which is equal to the complex conjugate of the Cauchy transform of the
function @[J’g (¢) defined to be the complex conjugate of (9% /Ot*) A(¢(t), €).
Since this function and its derivatives with respect to & are bounded
on D), we may repeat the reasoning above to see that the function
(0% JOt*) (A Cy)(¢(t)) and all its derivatives in w are bounded on Q as
¢ ranges over b). We have shown that (AC,,)(¢) is in C°°(bQ x Q) as
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a function of (¢,w). If we now apply the Szeg8 projection in {, we can
use the uniform estimate of Theorem 9.2 for P to deduce that Ha(z, w)
is in C*>(Q x Q).

We now assume that z € D.(29) N and w € D.(wp) N To analyze
Hi(z,w), we let x be a function in C°°(b2) such that xy = 1 in D (2¢)NdS2
and x = 0 in D.(wo) N bY. We now split H1(z,w) into two pieces via

Ha(z,w) = (C(xCw)) (2) + (C((1 = Xx)Cw)) ().

Consider the first term in this sum. Notice that (xCy,)({) and its deriva-
tives in ¢ are bounded on b{) as w ranges over D, (wg) N Q. Furthermore,
derivatives of (xC,,)({) with respect to w give rise to functions of ¢ with
the same property. Thus, it follows that the first term in the sum for H;
is in C°°((D(20) N Q) x (Dc(wo) NQ)).

The second term can also be seen to belong to this class by observing
that

(C((1 = x)Cw)) (2) = (C((1 = X)C2)) (w),

and the same reasoning can be applied to this term. O

In the course of the proof of Theorem 26.3, we proved that

1 1
S0 = 533 [ o T

where H(z,w) is in C*(Q x Q) and where the integral is equal to
Hi(z,w) = (CCy)(2). By letting z = a and w = a in this formula,
it becomes clear that S(a,a) tends to 400 as a tends to a point in the
boundary at the same rate as

1 1

— ——ds.
Ar? Jeero I — al?

This last integral can easily be seen to blow up like a constant times the
inverse of the distance from a to the boundary.

We proved in Chapter 10 that the Poisson kernel on a bounded simply
connected domain with C*° smooth boundary is given by

S(z,w)S(w,a) = S(z,w)L(w,a) |S(z,w)\2.

p(zw) = S(z,a) L(z,a) S(z,z)

We can now assert that the Poisson kernel has all the familiar properties
that we admire about the Poisson kernel on the unit disc. We can now
add to the properties proved in Chapter 10 that p(z,w) is in C*°((Q x
bQ)—A) where A = {(z,2) : z € bQ2}. Also, for a fixed point wy € b2 and
0 > 0, p(z,w) tends to zero uniformly in w on the set b2 — Ds(wy) as z
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tends to the boundary while staying in the set 2N D5 /5(wo). When these
two properties are added to the ones proved in Chapter 10, we know all
the properties of the Poisson kernel needed to prove Schwarz’s theorem
about the solution of the Dirichlet problem with continuous boundary
data.

We now turn to the study of the behavior of the Garabedian kernel
L(z,a) when 2z and a are both close to the boundary.

Theorem 26.4. If Q is a bounded domain with C'°° smooth boundary,
then the function ¢(z,w) defined via

1

L(z,w) = m

+4(z,w)

is a function on 2 x Q that is holomorphic in z and w and that extends
to be in C°(02 x Q).

Proof. We claim that, as a function of z, ¢(z,a) is the Szegd projection
of the function G, defined to be (27r)~1(z —a)~!. To see this, note that
£(z,a) is holomorphic in z on 2. Hence

l(z,a) = P({(-,a)) = PL, — PG, = —PG,

because L, =1 5,T is orthogonal to holomorphic functions.
Now the Kerzman-Stein identity P(I + .A) = C allows us to write

PG, =CG, — PAG,.

A simple calculation using the residue theorem reveals that (CG,)(z) is
zero for all z € (2 and a € €. Hence, the proof will be finished if we prove
that (AG,) is in C*°(Q x ). But

1

S 2r £ebQ

1
(AG,)(2) Az, s
and this integral represents the Cauchy transform of the function ¥, (§) =
iA(z,6)T (&) evaluated at a. Hence, we may reason exactly as we did
in the proof of Theorem 26.3 to see that all the mixed derivatives of
(AG,)(z) in a and z are bounded on b2 x Q. This completes the proof.
O

There are even stronger theorems about the boundary behavior of the
Szeg6 and Garabedian kernels in domains with real analytic boundaries.

Theorem 26.5. On a bounded domain with real analytic boundary,
the Szegd kernel S(z,w) extends to be defined on a neighborhood of
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Q2 x Q) —{(z,2) : 2 € BQ} as a function that is holomorphic in z
and antiholomorphic in w, and the Garabedian kernel is given by

1
L(z,w) = 2z —w) + £(z,w),

where £(z,w) extends to be holomorphic in z and w on a neighborhood

of (2 x Q).

Note that, because the functions F ]’ all extend holomorphically to

a neighborhood of €, it follows from Theorem 26.5 and identity (25.1),
that the Bergman kernel K(z,w) enjoys the same extension properties
as the Szeg0 kernel.

Proof. Suppose that € is a bounded domain with real analytic bound-
ary, and let v denote one of the boundary curves of 2. We will need
to use a reflection function for this real analytic curve as described in
Chapter 11. Let R(z) denote an antiholomorphic reflection function for
~. For example, 1/Z is an antiholomorphic reflection function for the unit
circle. Recall that such a function is defined and antiholomorphic in a
neighborhood of ~, fixes v, and is locally diffeomorphic near . Near -,
R(z) maps the outside of 2 to the inside, and the inside to the outside,
and R(R(z)) = z. We may define a reflection like this for each of the
boundary curves of 2; we will use the same symbol R to denote each
of them. In this way, we may view R as an antiholomorphic function
defined on a small neighborhood of 2.

Fix a point ¢ in 2 and let w be another point in € that we will allow
to vary. By (7.1), we may write S(a, z) = —iL(z,a)T(z) and S(w, z) =
—iL(z,w)T(z) when z € bQ. After dividing the second equation by the
first, and using the fact that R(z) = 2z on the boundary, we may write

S(w, R(z)) _ L(z,w)

S R(z)  Liza) |orzeb (26.1)

The function on the left hand side of this equality is defined and holo-
morphic for z near « on the outside of 2. We know by Theorem 11.2 that
L(z,w) extends holomorphically past the boundary as a function of z for
each fixed w € Q. Hence the function on the left hand side agrees with
the holomorphic extension of L(z,w)/L(z, a) outside of Q. A particularly
interesting consequence of this formula is that L(z,w)/L(z,a) is seen to
extend holomorphically to a neighborhood of 7y that is independent of w.
Now consider what (26.1) implies as w is allowed to tend to a boundary
point wy € bS2. Let wy be a sequence in € tending to wy. We deduce
that there is a neighborhood O of Q such that, as a function of z, each
L(z,wy) extends holomorphically to O — {wy}, and as wy, tends to wy,
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these functions converge uniformly on compact subsets of O — {wp} to
a function Ly(z) that is holomorphic on O — {wy}. By writing contour
integrals about a small fixed circle around wg that give the coefficients
of the Laurent expansion of L(z,wy) about the point wy, and by taking
uniform limits under integral signs, it is seen that Ly(z) has a simple pole
at wo with residue 1/(27). Since Lo (z) agrees with L(z, wp) inside 2, we
have produced a meromorphic extension of L(z,wp). We now abandon
our Lo(z) notation and allow L(z,wp) to denote the meromorphic func-
tion defined on O. Note that since L(z,w) = —L(w, z), we may deduce
the same extension property in the w variable.

We have now defined L(z,w) for (z,w) in (O x Q)U (2 x O). We will
complete the proof by defining L(z,w) on the rest of O x O. It follows
from Theorems 26.3 and 26.4 that identity (7.1) holds even when both
variables are on the boundary, that is

S(w, z) = —iL(z,w)T(z) for z,w € bQY, z # w.

Hence, if z,w € b2 and z # w, we may use (7.1) in both variables to
write

—iT(w)L(z,w)T(z) = T(w)S(w, z) = —iL(w, z).

Hence, if z,w € b2, and z # w, we have

T(2)L(z,w)T(w) = L(z,w). (26.2)

Fix a point a in © and notice that T(¢) = 9.54(¢)/L4(¢). Plugging this
into the last identity yields

L(z,w) L(z,w)

L.)Law@) ~ 3.2)5.(0)

when z,w € b2, z # w. Using the fact that ( = R({) when ¢ € b2, we
may write
L(z,w)  L(R(2), R(w))
La(2)La(w) — S,(R(2))Sa(R(w))’

This identity holds when z and w are on the boundary. The function on
the left extends to be holomorphic for z, w inside €2, z # w, the function
on the right extends to be holomorphic for z,w outside €2, z # w. We
may reason as we did above to see that the function on the right hand
side of this identity defines the meromorphic extension of the function
on the left to z and w that are outside of €. It also follows that the
extension is holomorphic in both variables z and w when z # w and
the singularity at z = w is a simple pole with residue 1/(27). We have
now produced a meromorphic extension of L(z,w) to O x O. When the
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principal part (27)7!(z — w)~! is subtracted off, we see that £(z,w)

extends holomorphically to O x O. Finally the extendibility of the Szeg6
kernel follows from that of L(z,w) via identity (7.1) and the fact that
holomorphic functions with real analytic boundary values must extend
past the boundary. O

The function ¢(z, w) pops up in many places in the study of conformal
mapping. We close this chapter by deriving Burbea’s formula [Bul] which
relates ¢(z,w) to the Kerzman-Stein kernel. Identity (26.2) allows us to
write

L(z,w)T(z) — L(z,w)T(w) =0
for z,w € bQ, z # w. Since L(z,w) = £(z,w) + (27)"1(z — w) ™!, this

means that

(e w)T() ~ Tl Tw) = — s D

The right hand side of this last formula is —iA(w, z), and we have de-
duced Burbea’s formula,

Lz, w)T(z) = £(z,w)T(w) = —iA(w, z).



27

Zeroes of the Szegd kernel

In this chapter, we determine the behavior of the zeroes of the function
S.(z) as a tends to a point in the boundary. We suppose that € is
a bounded n-connected domain with C'*° smooth boundary. We know
that, for a € Q the function

S(z,a)
L(z,a)

fa(z) = (27.1)
is the Ahlfors mapping associated to €2, which is a branched n-to-one
covering map of Q onto the unit disc (see Chapter 13). Notice that
f(a)(a@) = 0 because of the pole of L(z,a) at z = a and that f,(a) is
equal to 2mS5(a, a). The n-to-one map f(,) must have n — 1 other zeroes
besides the one at a; these zeroes coincide with the zeroes of S(z,a)
since L(z,a) is nonvanishing. As we have before, we list these zeroes

(with multiplicity) ai,as,...,a,—1. When we want to emphasize the
dependence of these zeroes on a we will write a; = Z;(a). As before, let
vj, 3 =1,...,n, denote the boundary curves of (2.

Theorem 27.1. Let wy be a sequence in ) that tends to a point a in
the boundary curve vm of Q. As wy tends to a, the zeroes Z;(wy) of
S(z,wy) become simple zeroes, and it is possible to order them so that
for each j, j # m, there is a point a; € v; such that Zj(wy) tends to a;.

If a is a point in the boundary of Q, then S(z,a) is nonvanishing on
Q as a function of z and has exactly n — 1 zeroes on the boundary of
Q, one on each boundary component not containing a. Furthermore, the
zeroes are simple in the sense that S’(aj,a) # 0 for each zero aj. The
same is true of L(z,a). In fact, the zeroes of L(z,a) coincide with those

of S(z,a).

Proof. If f : 1 — g is a biholomorphic map between bounded domains
with C'* smooth boundaries, then the Szegd kernels associated to €2
and Qo transform according to the formula

Si(z,w)% = f'(2)Sa2(f(2), f(w))2f (w). (27.2)

Since €2 is biholomorphically equivalent to a domain whose boundary
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curves are real analytic (via a conformal map that extends to be a C*
diffeomorphism of the closures of the domains), and since (27.2) shows
that the boundary behavior of the zeroes of the Szegd kernel is confor-
mally invariant, we may assume that {2 is a domain whose boundary
curves are real analytic. By Theorem 26.5, such a domain has the virtue
that its Szegd kernel extends to be real analytic on a neighborhood of
(2 x Q) —{(2,2) : 2 € bQ} and its Garabedian kernel is given by

1 1
L(Z,a) = %Z —a +£(z,a),

where /(z,a) extends to be holomorphic in a neighborhood of (2 x Q).

We first prove that the Ahlfors maps f(,,) tend to a constant of unit
modulus as k — oo. Using formula (7.1), thinking of a as being the point
in the boundary and z as being the “other point,” we have

S(z,a) = —iL(a,2)T(a) =iL(z,a)T(a).

We know that neither S(z,a) nor L(z,a) can vanish for z in Q when
a € bQ). Consequently, S(z,a)/L(z,a) = iT(a) for z € Q. We therefore
see that f(,,) tends uniformly on compact subsets of €2 to the constant
function iT'(a) as k — oco. Hence, it follows that the zeroes of S(z,wy)
must tend to the boundary as k — oo.

Next, we show that L(z,a) has at least one zero on each of the curves
7vj, J # m. Suppose that L(z,a) is nonvanishing for z € ;. When both
points a and z are in the boundary and a # z, identity (26.2) yields

T(z)L(z,a)T(a) = L(z,a).

Let A% denote the increase in arg L(z,a) as z traces out -y; in the stan-
dard sense. The last identity reveals that

+271 + A} = —A],

and, therefore, that A‘i = 4. But this is impossible; AJL must be an
integer multiple of 27. Hence, L(z,a) has at least one zero on ;. The
same is true of S(z,a) because, by virtue of identity (7.1), the zeroes in
the z variable of S(z,a) and L(z,a) coincide when a € b§).

Fix a positive integer j, j # m. Let R(z) denote an antiholomorphic
reflection function for v; (like the function 1/z for the unit circle; such
functions were constructed in Chapter 11). This reflection function fixes
7;, is locally diffeomorphic near ;, locally maps the outside of €2 to the
inside, and R(R(z)) = z. Fix a point 4 in Q. By (7.1), we may write
S(A,z) = —iL(z,A)T(z) and S(wg,z) = —iL(z,w,)T(z) for z € b



